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show that $2^{2^n}\equiv1 \mod{3}$. So far I have that $2^{2^n}\equiv1 \mod{2}$ and
$2^{2^n}\equiv2 \mod{4}$. I also know that $2^{2^m}\equiv1 \mod{3}$ if and only if

$2^{2^m}\equiv2^{2^n}\mod{3}$. Now I'm thinking of using this but I'm not sure how I can show
that $2^{2^n}\equiv1 \mod{3}$. A: This is a good point to use the Chinese Remainder Theorem.

Let $\alpha=2^{2^n}$. Then $2^{2^n}\equiv1\mod{2}$, so you can write
$\alpha=2^{2^n}\equiv2\mod{4}$, as you have already shown. We want to show that

$\alpha\equiv1\mod{3}$. (Again, as you have already shown, if this is true, then all other powers of
$2$ are also congruent to $1\mod{3}$.) We have two ideals $2^n$, $3^n
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